Graph embedding aims at learning representations of nodes in a low dimensional vector space. Good embeddings should preserve the graph topological structure. To study how much such structure can be preserved, we propose evaluation methods from four aspects: 1) How well the graph can be reconstructed based on the embeddings, 2) The divergence of the original link distribution and the embedding-derived distribution, 3) The consistency of communities discovered from the graph and embeddings, and 4) To what extent we can employ embeddings to facilitate link prediction. We find that it is insufficient to rely on the embeddings to reconstruct the original graph, to discover communities, and to predict links at a high precision. Thus, the embeddings by the state-of-the-art approaches can only preserve part of the topological structure.
Introduction
Graphs (also known as networks) are used in many branches of science as a way to represent the patterns of connections between the components of complex systems [48] . Recently, there has been a surge of interest in graph embedding that learns low-dimensional vector representations, or embeddings, for nodes to encode their structural information in the original graph [23, 3, 20, 75] . After the embeddings are learned, graph analysis can be easily and efficiently carried out by applying off-the-shelf vector-based machine learning algorithms [59, 58, 68, 6, 78, 21, 56] .
It is believed that the topological structure information should, to some extent, be preserved by the embeddings that are obtained by the state-of-the-art approaches. But how well is it preserved? This question is not yet investigated and this paper intends to answer them. In this paper, we propose four evaluation methods to evaluate the amount of information preserved by the embeddings. First, we investigate how well the graph v i v j
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can be reconstructed by the embeddings. Secondly, we study the divergence between the link distribution in the graph and the distribution derived from the embeddings. Thirdly, we focus on the difference between the communities discovered from the graph and the embeddings. Finally, we examine the effectiveness of embeddings for facilitating link prediction. We found that the current graph embedding approaches can only preserve part of the topological structure. It is insufficient to rely on the embeddings to reconstruct the original graph, to discover communities, and to predict links at a high precision.
The rest of the paper is organized as follows. Section 2 presents the definition of graph embedding. Section 3 proposes our methods in detail. Section 4 reports the experiment results for different graph embedding techniques based on the proposed evaluation methods. Section 5 surveys related work. Finally, Section 6 gives our conclusion.
Preliminaries and Definition of Graph Embedding
This section gives definitions of graph embedding. We begin with the symbols that will be used. Let us consider a simple graph G = (V, E), where V = {v i | i = 1, · · · , n} is the node set, and E ⊆ V × V is the edge set. We simply suppose the edge weight is uniformly 1. The adjacency matrix of G is denoted as A, with elements
A ij is the degree of v i . Definition: Given a graph G = (V, E), graph embedding is a mapping φ: v i → e i ∈ R d for ∀i = 1, . . . , n, such that d n and the embeddings maximally preserve the structure of graph.
The most basic structure that should be preserved is the topological structure. That is, if there is a link between v i and v j , the corresponding embeddings e i and e j should be close to each other in the low dimension vector space, as shown in Figure 1 
Evaluating How Much Structure Are Preserved
In this section we propose four evaluation methods for studying how much graph structure are preserved by the embeddings. Our methods are carried out from four aspects: 1) graph
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reconstruction based on the embeddings, 2) the divergence of the original link distribution and the embedding-derived distribution, 3) the consistency of communities discovered from the graph and embeddings, and 4) link prediction based on the embeddings. We will present them in the following.
Graph Reconstruction based on Embeddings
To evaluate how much topological structure information is preserved by the embeddings, we can use the embeddings to reconstruct a graph and examine the difference between the reconstructed graph and the original one. Following this idea, we propose an evaluation method based on the similarity of the two graphs. Our method contains two steps as illustrated in Figure 2 . The first step is reconstructing the graph based on the embedding. The second step is calculating the similarity between the reconstructed graph and the original graph.
Reconstructing the Graph Given the embeddings {e i | i = 1, · · · , n}, the similarity function for a pair of embeddings SIM(e i , e j ) : (e i , e j ) → R, and the node degree sequence {k i | i = 1, · · · , n} of the original graph, we take the following procedure to obtain the reconstructed graph G .
1. G keeps the same node set {v i | i = 1, · · · , n} as G. 2. For each v i whose degree is k i in G, create k i links connecting v i and the nodes whose corresponding embeddings are among the k i most similar embeddings to e i , with the weight of each link equal to 0.5.
SIM(e i , e j ) quantifies the similarity of e i and e j in the embedding space, and is dependent on the approach for generating the embeddings. For example, if an approach expresses the similarity by dot product, the similarity function would be based on dot product.
Note that for each created link we attach a weight of 0.5. This is because the link creation is a mutual process, i.e., for v i we create a link to v j , and for v j we may create another link to v i . As a result, G keeps the same number of weights as G.
Also note that G can be exactly the same as G under the condition that for each node v i , the k i most similar embeddings of e i exactly correspond to the neighbor nodes of v i . Therefore, if the embeddings are good enough we can perfectly reconstruct the graph.
Evaluating the Graph Similarity Good embeddings that well preserve the topological structure will result in that the reconstructed graph G is similar to the original graph G. Thus, we can evaluate the amount of preserved information by calculating the similarity between G and G . Specifically, we use DELTACON [32, 31] as a metric to measure the similarity. DELTACON is scalable to large graphs and obeys the following axioms -Identity Property:
and G is the empty graph (i.e., the edge sets are complementary).
DELTACON essentially measures the differences in the corresponding node's affinity of G and G , and thus it is based on global structure of the graphs. Specifically, the calculation of DELTACON(G, G ) contains three steps. First, we calculate the node affinity matrices S and S for G and G , respectively. The node affinity matrix S can be expressed as
where is a positive constant encoding the influence between neighbors in G, and D is the degree diagonal matrix, with elements
The element S ij indicate the affinity (influence) of node v i to v j in G. Similarly, we calculate the node affinity matrix S for G . Secondly, we calculate the root Euclidean distance between S and S .
Finally, we have
On the one extreme, a score of 0 implies that G is totally irrelevant of G, implying that none of the topological structure information is preserved in the embeddings. On the other extreme, a score of 1 indicates that G is a perfect reconstruction of G, implying that the topological structure are 100% preserved in the embeddings. Intermediate scores suggest situations in between the two extremes.
The graph reconstruction procedure requires a quadratic time complexity, since we need to calculate SIM(e i , e j ) for each pair of embeddings. Given the original graph and the reconstructed graph, the calculation of DELTACON(G, G ) needs another quadratic time complexity [32, 31] . Therefore, the whole evaluation method requires O(n 2 ) complexity.
Divergence of the Original and Embedding-Derived Link Distributions
Our second method is to evaluate the KL Divergence between the link distribution derived from the embeddings and the empirical distribution observed from the original graph. Given the embeddings {e i | i = 1, · · · , n} and their similarity function SIM(e i , e j ), we can define a link distribution
.
The idea is that the more similar e i and e j are, the more likely a link will exist between v i and v j . This is the link distribution derived from the embeddings. On the other hand, the empirical link distribution observed from the original graph is
P e and P g are distributions defined over the space V × V. We can employ the KLdivergence [33] KL(P e , P g ) = − vi,vj
to measure the distance between the two distributions. KL(P e , P g ) approaching 0 indicates that the topological structure are well preserved in the embeddings. Note that the calculation of P g needs a linear time complexity, while the the calculation of P e needs a quadric time complexity. As a result, the total complexity for this evaluation method is O(n 2 ).
Consistency of Communities Discovered from the Graph and Embeddings
Good embeddings should also preserve the mesoscopic graph structure, i.e., the community structure (clusters). Therefore, the third method for evaluating how well the topological structure is preserved is to measure the consistency of communities discovered from the original graph and from embeddings. Specifically, we employ the Louvain algorithm [1] and the K-Means algorithm [42] to discover the communities from the graph and embeddings, respectively 3 . Then, we estimate the consistency of the communities based on the Normalized Mutual Information (NMI) [17, 12] and Adjusted Rand Index (ARI) [27] .
Suppose Ω g and Ω e are community partitions for the graph and embeddings (node/embedding community label assignments). NMI is an information theoretic measure that calculates the amount of common information between two partitions:
n e j log(n e j /n),
where c g is number of communities in Ω g , c e is number of communities in Ω e , n is the total number of nodes, n g i is the number of nodes in the i-th community of Ω g , n e j is the number of nodes in the j-th community of Ω e , and n ge ij is the number of nodes that are both in the i-th community of Ω g and the j-th community of Ω e . If Ω g and Ω e match completely, we have a maximum NMI value of 1.0, whereas if Ω g and Ω e are totally independent of one another, we have a minimum NMI value of 0.0.
On the other hand, ARI computes a similarity by considering all pairs of samples and counting pairs that are assigned in the same or different communities in Ω g and Ω e . The mathematical definition of ARI is
The ARI has the maximum value 1 when Ω g and Ω e agree perfectly, and its expected value is 0 in the case that Ω g and Ω e are totally independent of one another. A larger ARI means a higher agreement between Ω g and Ω e .
The Louvain algorithm has time complexity of O(nlogn), while the K-Means algorithm has time complexity of O(nc e dl), where l is the number of iterations for the algorithm to converge. Moreover, the calculation of NMI and ARI has time complexity O(n 2 max(c g , c e )) in the worst case. Note that c g , c e , d, l n and thus can be ignored. Consequently, the total complexity for this evaluation method is O(n 2 ).
Link Prediction Based on Embeddings
Finally, we evaluate the effectiveness of the embeddings for facilitating link prediction. This is based on the following idea: Suppose embeddings can well preserve the graph topological structure; If we remove a small amount of the topology information of the original graph, the resulting embeddings should still keep the main structure of the graph somehow; Therefore, we can use the embedding to facilitate the recovery of some of the removed information, i.e., link prediction. Specifically, given a graph G we remove 10% of the links and obtain G . We test how the embeddings learned from G can help predict the removed links. Suppose we focus on v i , and (v i , v j ) is a removed link that we aim to predict. Also note that SIM(e i , e k ) is the score for predicting (v i , v k ) for ∀ v k . Then, given the query (v i , v j ), we can rank v j against all other nodes 4 based on the scores. A high rank for v j indicates that we are able to predict (v i , v j ) in a positive sense. Finally, we evaluate the performance for all the queries based on Mean Reciprocal Rank (MRR) [53] and HITS@K:
Hits t
where Q is the set of queries, Rank t refers to the rank position of v j for the t-th query
. MRR ∈ (0, 1] and HITS@K ∈ [0, 1]. A maximum value of 1.0 implies we can predict all the links perfectly. For a query (v i , v j ), the procedure for ranking v j against all other nodes requires a time complexity of O(n). Therefore, the total complexity for this evaluation method is O(|Q| n).
Experiment
In this section, we show the results based on the proposed evaluation methods. We consider the following graph embedding approaches that represent the state-of-the-art.
-GraRep (GRep) [4] : This approach defines a loss function by integrating the transition probabilities. Minimizing this loss function has proven to be equivalent to factorizing a matrix that is related to the k-step transition probability matrix. For each k the factorization produces a sub-embedding. Then it concatenates sub-embeddings on different k as the final embedding solution. -HOPE [50] : This approach learns embeddings by factorizing the Katz similarity [29] matrix. It uses generalized Singular Value Decomposition algorithm to obtain the embeddings efficiently. -DeepWalk (DW) [51] : This approach first transforms a graph into a collection of linear sequences of nodes using multiple random walks. It then learns embeddings by applying the Skip-Gram model [46, 47] , originating from natural language processing, to the node sequence. In the first phase, it learns d/2 dimensions by BFS-style simulations over immediate neighbors of nodes. In the second phase, it learns the next d/2 dimensions by sampling nodes strictly at a 2-hop distance from the source nodes. Finally, it concatenates the embeddings learned at the two phases. -GRA [41] : This approach learns embeddings by factorizing a Global Resource Allocation similarity matrix that is an extension of the Katz and Resource Allocation similarities [80] . According to the mechanism of these approaches, the embeddings' similarity fuction can be uniformly expressed as SIM(e i , e j ) = e i e j .
In addition, we consider randomly generated embeddings as a baseline. We do not include approaches for supervised graph embedding because they require additional information such as node labels for training [74, 61, 63, 30] .
We set the embedding dimension as 120 for all approaches. Moreover, the parameter settings for these approaches are the same as the original literature. Specifically, for Deep-Walk and Node2Vec, we set the window size to 10, the walk length to 80, and the number of walks per node to 10. For HOPE and GRA, we set the decay rate to 0.95 divided by the spectral radius of A and AD −1 , respectively. For LINE, we set the number of negative samples to 5. For GraRep, we set the maximum transition step to 6. Lastly, for Node2Vec, we obtain the best in-out and return hyperparameters based on a grid search over {0.25, 0.50, 1, 2, 4}.
We use a variety of real-world graphs from various domains as the testing datasets. A brief description of them follows. and embedding-derived link distributions. Table 4 and Table 5 report the NMI and ARI for the consistency of the communities discovered from graph and embeddings. Table 6 and Table 7 reveal the MRR and HITS@K 14 for link prediction based on embeddings. Based on these results, we have the following observations. is because that Node2Vec uses two hyperparameters to control the search strategy and this enables it to learn long-term dependencies in larger graphs. -The KL-divergence for evaluating the divergence of the original and embeddingderived link distribution suggests that GraRep demonstrates the best performance in all of the graphs. A main reason is that GraRep is adapt in separating the embeddings of dissimilar nodes, i.e., putting the embeddings of dissimilar nodes far away from each other. Eq. (6) indicates that in the derived link distribution there is a probability for each pair of nodes, while Eq. (7) implies that in the empirical link distribution only a few pairs of nodes have link probability. Therefore, properly separating the embeddings of dissimilar nodes will help achieve a better KL-divergence score. -The NMI for evaluating the consistency of the communities discovered from graph and embeddings indicates that Node2Vec achieves good results in Kaggle3059, Kag-gle4406, USAir, Cora, Citeseer, WikiPage graphs. A common feature of these graph is that they are unconnected. This means that the graph is naturally separated into several communities, each representing a connected component. Therefore, the community partitions by graph and embeddings can easily reach a relatively high agreement for a unconnected graph, and contribute to the high NMI scores. On the other hand, the ARI scores are more strict on the exact partition of a large connected component into small communities. Hence, the ARI scores are much lower than NMI scores. in another two graphs (BrazilAir and EuropeAir). Similarly, GRA dramatically outperforms the others for community discovery in graphs such as Cora, Citeseer, and DBLP. However, it is less successful in graphs such as BrazilAir and WikiWord. -The performances are also task-dependent. For example, GraRep consistently outperforms the others in all of the 12 graphs for KL-divergence scores, but it just puts in an average performance in the other three tasks. Similarly, Node2Vec demonstrates acceptable performance in graph reconstruction and community discovery, but it conspicuously fails in link prediction. -The DELTACON, KL-divergence, NMI, ARI, MRR, and HITS@10 scores all indicate that graph embedding approaches are significantly outperforms the randomly generated embeddings. However, they are far from perfect. For example, the DELTACON scores mostly range between 0.4 and 0.6, but none of the approaches obtains scores closing to 1.0. NMI and ARI scores in graphs such as BrazilAir and WikiWord indicates that the embedding communities are quite different from graph communities. Moreover, the MRR and HITS@10 scores in large graphs such as WikiWord, PPI, and BlogCatalog imply that embeddings are not always trustworthy for link prediction. Therefore, the embeddings preserve only part of the topological structure of the graph. It is insufficient to rely on the embeddings to reconstruct the original graph, to discover communities, and to predict links at a high precision. This fact applies to approaches such as HOPE and LINE that is originally designed to preserve high-order proximity of the graph. One important reason is because of the highly non-linear structure of the graph, which poses a great challenge.
Related Work
Recently, the graph embedding problem has attracted a great deal of interest. Researchers have proposed various approaches such as matrix factorization [4, 7, 50, 72] and deep neural networks [63, 5, 30, 22, 35, 34, 64, 11, 69] . The topics are also varied, including unsuper-vised graph embedding [4, 50, 51, 57, 41, 39] , supervised graph embedding [74, 61, 63, 41, 21, 30] , community preserving embedding [68, 6, 78, 10] , and embedding in graphs of various types, such as the bipartite graphs [19] , the heterogeneous graphs [28, 7, 56, 14, 18, 65, 76] , the multi-relational graphs [52, 45] , the signed graphs [9, 67, 65] , the uncertain graphs [24] , the incomplete graphs [73] , the dynamic graphs [77, 36, 79, 44] , the scale-free graphs [15] , the hyper-graphs [62] , and the attributed graphs (accompanied with attribute information such as categories and texts on nodes or edges, or both) [71, 67, 36, 60, 25, 26, 37] . This paper studies the problem of how well the topological structure information is preserved by the embeddings. One relevant research are [50, 63] that use the metric PRE-CISION@K for measuring the graph reconstruction precision. However, this metric is based on graph reconstruction at the local scale of each node and thus cannot give an trustworthy evaluation. We give an explanation using the illustrations in Figure 3 . Figure 3(a) shows a graph with the top node weakly connected to a cluster of 6 nodes. Figure 3 (b) and Figure 3 (c) are two reconstructed graphs of Figure 3(a) . It is obvious that Figure 3 (b) is a better reconstruction since the main structure of the original graph are kept. On the other hand, Figure 3 (c) is a worse reconstruction, since the top node becomes a member of the cluster and the graph structure has been totally changed. However, the local metric PRE-CISION@K fails to discriminate the two examples. For example, let us look at node '3' and '4'. The evaluation of these two nodes based on PRECISION@2 can be as high as 1.0 for Figure 3 (c) while it is as low as 0.5 for Figure 3(b) . On the other hand, the global metric DELTACON can provide an unbiased evaluation of 0.6477 for Figure 3 (b) and 0.5584 for Figure 3(c) . Moreover, PRECISION@K is computationally expensive, especially for large graphs. To fasten the computation, we usually employ the sampling strategy, but it will cause a serious problem of unstable evaluation. To the best of our knowledge, we are the first to propose the evaluation for graph reconstruction at the global scale of graphs.
There are research on embedding-based link prediction. One line of such research focuses on the knowledge graphs, which can be viewed as a multi-relational graph composed of entities (nodes) and relations (different types of edges) [38, 70, 2, 13, 49] . Each edge is represented as a triple of the form (head entity, relation, tail entity). Link prediction in knowledge graph is typically referred to as the task of predicting an entity that has a specific relation with another given entity [66] . For example, (?, PresidentOf, USA) is to predict the president of USA. Another line centers on plain graphs, as the topic in this paper. The settings are also similar to what we have discussed in Section 3.4, i.e., to remove a small amount of the links and use the embeddings to predict the removed links [21, 50] . The difference is that previous research overwhelmingly employ the Area Under the Curve (AUC) [16] as a metric for evaluation. AUC can be interpreted as the expectation that a target link is predicted with a higher probability than a randomly chosen non-existent link. However, considering the sparse feature of graphs, there are dramatically larger number of non-existent links than the number of removed links. Consequently, AUC is not an unbiased metric for evaluation and it is much easy to achieve a high score based on it [43] .
To the best of our knowledge, there is few research for studying the divergence of the original link distribution and the embedding-derived distribution and the consistency of the communities discovered from the graph and embeddings. graph that has similar structure as the original one. (c) A reconstructed graph that has, to some extent, changed the structure of the original one. The red color emphasizes the difference between the three graphs.
Conclusion
We studied how well the graph topological structure is preserved by the embeddings from four aspects: 1) graph reconstruction based on the embeddings, 2) the divergence of the original link distribution and the embedding-derived distribution, 3) the consistency of the communities discovered from graph and embeddings, and 4) link prediction based on the embeddings. We did experiments on 12 graphs for 6 state-of-the-art graph embedding approaches. We found that the embeddings by these approaches can only preserve part of the topological structure. It is insufficient to rely on the embeddings to reconstruct the original graph, to discover communities, and to predict links at a high precision. This suggests that although the current graph embedding techniques can benefit graph analysis tasks such as label classification, we still cannot employ them for applications such as graph compression.
Graph embedding is not perfectly solved and there is still some room for improvement. Most of the embedding approaches ignore the hubness phenomenon that results in the heavy-tail degree distribution [54] . How to effectively utilize the dimensionality of the embeddings to encode the heavy-tail degree distribution will be left for our future work.
On the other hand, the proposed evaluation methods could be a standard for studying the problem of graph reconstruction or graph compression based on the embeddings, and be a benchmark for graph embedding approaches.
